Time delay of photoemission from valence ns, np 3/2 , and np 1/2 subshells of noble-gas atoms is theoretically scrutinized within the framework of the dipole relativistic random phase approximation. The focus is on the variation of time delay in the vicinity of the Cooper minima in photoionization of the outer subshells of neon, argon, krypton, and xenon, where the corresponding dipole matrix element changes its sign while passing through a node. It is revealed that the presence of the Cooper minimum in one photoionization channel has a strong effect on time delay in other channels. This is shown to be due to interchannel coupling.
I. INTRODUCTION
Time delay in atomic photoionization refers to a slight temporal delay in the release of the photoelectron wave packet upon absorption of a short electromagnetic pulse. This delay is very small, of the order of attoseconds (as). This opens a unique road towards calibration of various measuring devices that can capture electron motion in atoms, molecules, and solids on the attosecond time scale that would be difficult to do otherwise. These devices are known as the attosecond streak camera [1, 2] , the angular streaking attoclock [3] , and the RABITT (reconstruction of attosecond bursts by ionization of two-photon transitions) [4] . In these devices, the phasestabilized electric field of a short laser pulse is used to convert the release time of the outgoing electron wave packet into other measurable quantities such as kinetic energy (attosecond streak camera), the momentum vector (angular streaking attoclock), or the beating signal of the electron detector (RABITT).
To date, the relative time delay of photoemission from neighboring valence atomic sub-shells has been measured with a high accuracy in neon [5] and argon [4, 6] . The relative time delay between the outer shells of the atomic pairs (He vs Ne and Ne vs Ar) can now be determined owing to active stabilization of the RABITT spectrometer [7] . Similar measurements can be performed in heavier noble-gas atoms relative to the time delay in the 1s subshell of He [8] . The high-order-harmonics-generation (HHG) technique has also been used to determine the time delay in Ar [9] .
The concept of time delay was introduced in the early works of Eisenbud [10] and Wigner [11] in the context of the phase-shift analysis of slow electron s-wave scattering. The focus of the Eisenbud-Wigner theory was the group velocity of a wave packet [12] . Typically, a free-electron wave packet, which is made up of the superposition of plane waves with different energies E = k 2 /2 emerging at a point x 0 , spreads with time, even in vacuum. (Note the use of atomic units in which e = m = = 1 throughout the paper.) Its peak propagates at the group velocity v g = dω/dk| k=k 0 . Here, k 0 is the mean momentum of the free electron that contributes to the wave packet. When the free-electron wave packet elastically scatters off a potential, a peak of the transmitted wave packet propagates at the same group velocity v g = dω/dk| k=k 0 as before scattering. The corresponding transmission amplitude T is generally complex, T = |T |e iϕ T , with ϕ T being the amplitude's phase. Due to the phase factor in T , the transmitted wave packet appears to have originated at a different point, namely, at x 0 − dϕ T /dk| k 0 , rather than at x 0 . The term dϕ T /dk| k 0 in the above expression determines the spatial phase shift x shift = dϕ T /dk| k 0 . It provides a measure for the time delay t delay due to electron scattering:
where E 0 is the mean energy of the wave packet. As shown earlier [13] , time delay in a collision process, defined in terms of an energy derivative of the phase shift, is the same as collision lifetime. Therefore the former serves as a temporal measure of the complex system which emerges due to photoabsorption and the subsequent decay by emitting a photoelectron from the atomic complex. In recent years, accurate numerical calculation of atomic time delay has become an ad hoc topic of intense theoretical studies [14] [15] [16] [17] [18] .
II. METHODOLOGY
In the present paper, atomic photoionization is calculated using incoming boundary conditions for the final continuum state wave functions. These ion-plus-photoelectron final states are related to the wave function for elastic electron-ion scattering through time-reversal symmetry [19] . In the relativistic random-phase approximation (RRPA), an electron transition due to photoionization is described by a dipole matrix element which is generally complex [20, 21] . In particular, for a transition from an initial bound state |n,κ to a continuum state |E,κ , the dipole matrix element is given by
Here, E,κ Q
1 nκ is the reduced matrix element and δ κ is the phase shift of the final-state continuum wave function with incoming boundary conditions. Since the photoionization matrix element is generally complex, the energy-dependent phase shifts δ (E) of a partial -electronic wave is defined by
The quantity dδ (E)/dE then provides a measure of time delay occurring in various dipole photoionization channels. Ab initio RRPA [20, 21] accounts, reliably, both for relativistic effects, such as the initial and final state spin-orbit splitting and major many-body correlations. The latter are particularly important to the calculations of this paper, since phase shifts δ (E) are known to be quite sensitive to correlation in the form of interchannel coupling. Therefore a reliable accounting for this aspect of correlation is vital for an adequate study of the time delay phenomenon.
In the present RRPA calculations of photoionization matrix elements and photoelectron phase shifts, experimental ionization thresholds were substituted into the RRPA equations. Corresponding ionization thresholds for Ne, Ar, Kr, and Xe are presented in Table I . Furthermore, the following number of relativistic dipole photoionization channels were accounted for in corresponding RRPA calculations of photoionization of these atoms: (a) for Ne, seven channels which originate due to photoionization of the 2p and 2s subshells; (b) for Ar, 14 channels (from 3p, 3s, 2p and 2s sub-shells); whereas (c) both for Kr and Xe, 13 channels (from the 4p, 4s, 3d subshells of Kr and 5p, 5s, 4d subshells of Xe) were coupled in the truncated RRPA. Note that the omitted channels, being far away energetically, should be unimportant in the energy ranges considered; this is substantiated by the excellent agreement between the length and velocity forms of the dipole matrix elements.
III. RESULTS AND DISCUSSION
A. Photoionization cross sections, phase shifts, and time delays
In this section, RRPA calculated results for the photoionization cross sections, phase shifts, and time delays in valence shells of Ne, Ar, Kr, and Xe are presented. Moreover, in order to understand the importance of relativistic effects, these results are compared with corresponding calculated results of work [17] which was obtained, as in [23] , within the framework of a nonrelativistic random phase approximation (RPAE) [24] . In this way, the role of relativistic effects will be elucidated in a consistent manner in view of the complete equivalency between RPAE and RRPA in accounting both for direct and exchange interactions; the only difference in the two methodologies is the inclusion of relativistic effects in the RRPA. In RPAE, the expression for the photoionization amplitude is given by
Here, the reduced dipole matrix element, which is stripped of all the angular momentum projections, is defined as
wherel ≡ √ 2l + 1. In the present work, the amplitude f (E) is evaluated in the forward direction k ẑ, which is usually the case in the attosecond time delay measurements. In the relativistic case, we use the same expression (4) in which the orbital momenta of the initial bound state and the final continuum state are substituted by their relativistic counterparts
The photoelectron group delay, which is the energy derivative of the phase of the complex photoionization amplitude, gives an alternative access to the phase information. It is evaluated as
Note that when a single channel dominates, the time delay (1) reduces to the energy derivative of the phase of that channel. However, in the general case, when more than one amplitude contributes materially to the cross section from a given initial state, the phase in question is the phase of the photoionization amplitude (4). The derivative of that phase is the essence of the time delay. In other words, the phase is essentially a weighted average of the phases of the respective channels. Thus the time delay is a weighted average of the individual channel time delays. Furthermore, in such a case, Eq. (4) shows that the time delay is angular dependent. 
Neon
On the top panel of Fig. 1 we present the partial photoionization cross sections of valence-shell photoionization of Ne. The RRPA cross sections are shown by the solid (red) lines and the RPAE cross sections are exhibited by the dashed (blue) line. The recommended experimental data by Bizau and Wuilleumier [25] are displayed by filled circles with error bars. On the middle panel, we use the same line style to show the phases of the photoionization amplitudes f 2s (E) and f 2p (E) evaluated in theẑ direction. The bottom panel of Fig. 1 displays the photoelectron group delay calculated as the energy derivative of the phase of the corresponding photoionization amplitude evaluated in the z-axis direction. Photoemission from the 2s subshell seems to be ahead of that of the 2p subshell at around the 100-eV photon energy mark where the measurement of Schultze et al. [5] was taken (shown as a vertical bar in the figure). 
Argon
An analogous set of data for Ar 3s and 3p subshells is shown in Fig. 2 . On the top panel we make a comparison of the RRPA (solid red line) and RPAE (dashed blue line) partial photoionization cross sections with the experimental data of Möbus et al. [26] for the 3s subshell and by Samson and Stolte [27] for the sum of 3s and 3p subshells. These partial photoionization cross sections are qualitatively different from those of Ne shown in Fig. 1 . First, the 3p cross section in Ar displays the Cooper minimum whereas the nodeless 2p orbital does not [28] . Second, the inner-shell correlation completely changes the 3s cross section in magnitude and shape and introduces a deep Cooper-like minimum at a slightly smaller photon energy. Both the RRPA and RPAE calculations reproduce these features in fair agreement with the experiment. We note that the total cross-section measurement of Samson and Stolte [27] includes ionization leading to the ionic ground state as well as ionization with excitation. The former process, not included in the present calculations, seems to be insignificant, as can be seen by a good agreement between 053406-3 the both theories and the experiment. This also means that the total cross section is dominated by the 3p shell in this energy region.
The RRPA and RPAE phases in Ar, shown in the middle panel of Fig. 2 are very different from Ne. When the cross section goes through the Cooper minimum, the corresponding phase makes a jump of about π in the 3s → εp amplitude and −π in the 3p → εd amplitude. This jump is easy to understand. If the amplitude was real and had a node, it would simply change its sign, which would amount to adding a phase factor of π in the complex number representation.
This jump of π has a dramatic effect on the time delay, which is shown on the bottom panel of Fig. 2 . It drives the time delay in the 3s subshell to much larger numbers, of the order of several hundreds of attoseconds. The situation is less dramatic for the 3p subshell. Here the normally weak transition 3p → εs takes over near the Cooper minimum of the strong 3p → εd transition, and the resulting time delay does not go below -100 as, as in the RPAE calculation. This minimum is somewhat deeper in the RRPA calculation.
Note that the Cooper minimum in the 3s photoionization channel in the 50-eV region arises solely due to interchannel coupling with the 3p photoionization channels [29] . Thus, the change of phase by ∼π in the 3s channel and the resultant huge time delay are part and parcel of the "transfer" of the Cooper minimum from the 3p to the 3s channels via correlation in the form of interchannel coupling.
Krypton
On the top panel of Fig. 3 , we display the partial photoionization cross sections of the 4s, 4p, and 3d subshells of Kr calculated in the RRPA and RPAE models [shown by the solid (red) and dotted (blue) lines, respectively]. Note that the energy regions around 27.48 eV (4s 1/2 threshold) and from 101.41 eV (3d 5/2 threshold) to 102.80 eV (3d 3/2 threshold) are skipped because they fall into the region of autoionization resonances. Comparison is made with the experimental data by Ehresmann et al. [30] for 4s (displayed by filled circles with error bars), by Samson and Stolte [27] for the total 4s + 4p + 3d cross section (shown by open circles), and by Aksela et al. [31] for 3d (displayed with asterisks). Good agreement between the two calculations can be seen for the 4p and 3d subshells which dominate the total cross section in their respective energy ranges. The Cooper minimum of the 4s subshell is slightly displaced between the two calculations.
On the middle panel of Fig. 3 we display the phases of the photoionization amplitudes calculated in the same two models. Here agreement is not so close as for the cross section. This demonstrates a greater sensitivity of the phase of the matrix elements to the details of the calculation in comparison with their squared moduli (cross sections).
On the bottom panel of Fig. 3 the phase shifts are converted into photoemission time delays according to Eq. (1). The time delays are qualitatively similar in the two models. However, some important differences can be clearly seen. More specifically, the sharp peak in the 4s time delay near the Cooper minimum of the partial photoionization cross section is shifted between the two calculations. 
Xenon
On the top panel of Fig. 4 we display the partial photoionization cross sections of the 5s, 5p, and 4d subshells of Xe calculated in the RRPA (red solid lines) and RPAE (blue dashed lines) models. Note that the energy regions around 23.37 eV (5s 1/2 threshold) and from 71.66 eV (4d 5/2 threshold) to 73.77 eV (4d 3/2 threshold) are skipped because because they fall into the region of autoionization resonances. Comparison is made with the experimental data from Becker et al. [32] and Fahlman et al. [33] for the 5s and 5p shells, and the experimental data from Becker et al. [32] and Lindle et al. [34] for the 4d shell. Good agreement between the two calculations can be seen for the 5p and 4d subshells. However, the Cooper minimum of the 5s shell is displaced between the two calculations.
On the middle panel of Fig. 4 we display the partial photoionization phase shifts in the 5s, 5p, and 4d subshells of Xe calculated in the same two models. Here agreement is not so straightforward as for the cross section. On the bottom panel of Fig. 4 the phase shifts are converted into photoemission time delays according to Eq. (1). The time delays are qualitatively similar in the two models. However, some important differences can be clearly seen. More specifically, the Cooper minimum shift of the 5s subshell is seen very clearly.
B. Intershell time delay difference
In this section, we present the results of our calculations of time delay difference between the 2s and 2p shells in Ne and 3s and 3p shells in Ar.
Neon
The time delay difference between the 2s and 2p subshells of Ne is shown in Fig. 5 . This difference is fairly large near the 2s threshold, indicative of the fact that the low-energy 2s photoelectron takes a longer time to exit compared to the higher energy 2p electron. As the photon energy increases, it is the photoelectron time delay in the 2p shell, which is smaller than that of the 2s subshell.
The measured value of the time delay between photoionization channels from the 2s and 2p subshells of neon at the photon energy of 100 eV is 21 ± 10 as [5] . The RRPA prediction is about 10 as, which is only half of the experimental value. It is smaller in comparison to the large time delay difference in the near-threshold region. It seems that the contribution to the experimentally measured time delay comes from two processes: (i) the delay difference in the single photon ionization channel and (ii) the time delay associated with the two-photon ionization channel, sometimes referred to as the continuum-continuum (CC) [6] or Coulomb-laser coupling (CLC) [35] corrections. The RRPA accounts for the part of the time delay associated with the single-photon process. However, the CC, or equivalently, CLC, correction accounts for only 3.5 as in Ref. [35] and cannot reconcile the difference between the measured and calculated time delay difference between the 2s and 2p shells. Similar conclusions were reached in previous numerical studies [15] [16] [17] [18] .
Argon
The time delay difference between the 3s and 3p subshells of Ar is given in Fig. 6 . Near the 3s threshold, the 3s electrons escape somewhat more slowly compared to the 3p electrons. The rapid change in the scattering phase shift near the Cooper minimum affects the time delay between the 3s and 3p electrons.
The time delay predicted by the RRPA is compared with those measured by Klünder et al. [4] . From the experimental [17] . The experimental data (filled circles with error bars) are from [6] . results, time delay for the single-photon ionization channel is extracted and plotted. There is fairly good agreement between the RRPA result and experimental observations. Near the Cooper minimum, the experimental result shows an enhancement in time delay, in response to the presence of Cooper minimum. Unfortunately, there is a scarcity of experimental data to verify the behavior of time delay near the Cooper minimum region.
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C. Interchannel time delay difference
In this section, we show our results for the time delay difference between the two relativistically split channels. This difference is particularly strong near the Cooper minima in the respective photoionization cross sections.
Neon
The neon 2s photoionization cross section, shown in Fig. 7 , does not have a Cooper minimum which is displaced to the discrete part of the spectrum. Hence the cross section increases gradually from the threshold. Nevertheless, the hidden Cooper minimum causes a noticeable time-delay difference between the two relativistic channels 2s 1/2 → p 1/2 and 2s 1/2 → p 3/2 . Calculations were done at a number of energy points, and the sharp structure therefore may not be just numerical noise. It might be due to a slight difference in the positions of the Cooper minima, even though they are in the discrete spectrum.
Argon, krypton, and xenon
In Fig. 8 we show the time delay difference between the two relativistically split channels 3p 3 Very similar tendencies in the interchannel time delay difference near the respective Cooper minima can be seen in Fig. 9 for Kr and in Fig. 10 for Xe. Owing to increasing spin-orbit splitting, the difference in the Cooper minima positions is larger in these heavier atoms and, therefore, the interchannel time delay difference is more prominent.
IV. CONCLUSIONS
In the present work, the photoelectron group time delay in valence-shell photoionization of the noble-gas atoms of Ne, Ar, Kr, and Xe were theoretically studied within the framework of the fully relativistic RRPA methodology. Moreover, for a better understanding of the importance of relativistic effects, a comparison was performed between corresponding nonrelativistic RPAE calculations [17] . In addition, to control the accuracy of the present results, comparison was made with available experimental data for the partial photoionization cross sections and intershell time delays. It was demonstrated that relativistic effects manifest themselves particularly strongly near a Cooper minimum, where a large difference in time delay was revealed between spin-orbit split exit channels. Specifically, it was found that near a Cooper minimum in the np 3/2 → d 3/2 channel, a photoelectron leaves the atom sooner via the np 3/2 → d 3/2 channel than via the np 3/2 → d 5/2 channel and vice versa. Furthermore, it was discovered that the time-delay difference between two relativistically split exit channels is largest for Ar (about two hundred as), smallest in Kr (about 30 as), and intermediate (about 50 as) for Xe. Further studies are necessary to determine if there is any systematic trend in the time-delay phenomenon along a sequence of atoms with progressively increasing atomic numbers. Inclusion of the nondipole terms to the interaction Hamiltonian, as in Ref. [36] , is also desirable for the completeness of the study.
